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We study a chiral Lagrangian which describes the two- and three-body decays of a pseudoscalar
glueball into scalar and pseudoscalar mesons. The various branching ratios are a parameter-free
prediction of our approach. We compute the decay channels for a pseudoscalar glueball with a mass
of 2.6 GeV, as predicted by Lattice QCD in the quenched approximation, which is in the reach
of the PANDA experiment at the upcoming FAIR facility. For completeness, we also repeat the
calculation for a glueball mass of 2.37 GeV which corresponds to the mass of the resonance X(2370)
measured in the BESIII experiment.
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I. INTRODUCTION
The fundamental symmetry underlying Quantum Chromodynamics (QCD), the theory of strong interactions, is
the exact local SU(3)c color symmetry. As a consequence of the non-abelian nature of this symmetry the gauge fields
of QCD, the gluons, are colored objects and therefore interact strongly with each other. Because of confinement, one
expects that gluons can also form colorless, or ‘white’, states which are called glueballs.
The first calculations of glueball masses were based on the bag-model approach [1]. Later on, the rapid improvement
of lattice QCD allowed for precise simulations of Yang-Mills theory, leading to a determination of the full glueball
spectrum [2]. However, in full QCD (i.e., gluons plus quarks) the mixing of glueball and quark-antiquark configurations
with the same quantum number occurs, rendering the identification of the resonances listed in the Particle Data Group
(PDG) [3] more difficult. The search for states which are (predominantly) glueball represents an active experimental
and theoretical area of research, see Ref. [4] and refs. therein. The reason for these efforts is that a better understanding
of the glueball properties would represent an important step in the comprehension of the non-perturbative behavior
of QCD. However, although up to now some glueball candidates exist (see below), no state which is (predominantly)
glueball has been unambiguously identified.
In general, a glueball state should fulfill two properties regarding its decays: it exhibits ‘flavor blindness’, because the
gluons couple with the same strength to all quark flavors, and it is narrow, because QCD in the large-Nc limit shows
that all glueball decay widths scale as N−2c , which should be compared to the N
−1
c scaling law for a quark-antiquark
state. The lightest glueball state predicted by lattice QCD simulations is a scalar-isoscalar state (JPC = 0++) with a
mass of about 1.7 GeV [2]. The resonance f0(1500) shows a flavor-blind decay pattern and is narrow, thus representing
a good candidate for a state which is (predominantly) a scalar glueball. Also the resonance f0(1710) is a glueball
candidate because its mass is very close to lattice QCD predictions and it is copiously produced in the gluon-rich decay
of the J/ψ meson. Both scenarios have been investigated in a variety of works, e.g. Refs. [5–9] and refs. therein, in
which mixing patterns involving the scalar resonances f0(1370), f0(1500), and f0(1710) are considered. In particular,
in Ref. [9] the decays of the J/ψ have been included in a phenomenological fit and both assignments turn out to be
consistent, but slightly favour a predominant gluonic amount in f0(1500).
The second lightest lattice-predicted glueball state has tensor quantum numbers (JPC = 2++) and a mass of about
2.2 GeV; a good candidate could be the very narrow resonance fJ(2200) [10, 11], if the total spin of the latter will be
experimentally confirmed to be J = 2.
The third least massive glueball predicted by lattice QCD (in the quenched approximation) has pseudoscalar
quantum numbers (JPC = 0−+) and a mass of about 2.6 GeV. Quite remarkably, most theoretical works investigating
the pseudoscalar glueball did not take into account this prediction of Yang-Mills lattice studies, but concentrated their
search around 1.5 GeV in connection with the isoscalar-pseudoscalar resonances η(1295), η(1405), and η(1475). A
candidate for a predominantly light pseudoscalar glueball is the middle-lying state η(1405) due to the fact that it
is largely produced in (gluon-rich) J/ψ radiative decays and is missing in γγ reactions [12]. In this framework the
resonances η(1295) and η(1475) represent radial excitations of the resonances η and η′. Indeed, in relation to η and
η′, a lot of work has been done in determining the gluonic amount of their wave functions. The KLOE Collaboration
found that the pseudoscalar glueball fraction in the mixing of the pseudoscalar-isoscalar states η and η′ can be large
(∼ 14%) [13], but the theoretical work of Ref. [14] found that the glueball amount in η and η′ is compatible with zero
2[see, however, also Ref. [15]].
In this work we study the decay properties of a pseudoscalar glueball state whose mass lies, in agreement with
lattice QCD, between 2 and 3 GeV. Following Ref. [16] we write down an effective chiral Lagrangian which couples
the pseudoscalar glueball field (denoted as G˜) to scalar and pseudoscalar mesons. We can thus evaluate the widths
for the decays G˜ → PPP and G˜ → PS, where P and S stand for pseudoscalar and scalar quark-antiquark states.
The pseudoscalar state P refers to the well-known light pseudoscalars {π,K, η, η′}, while the scalar state S refers to
the quark-antiquark nonet of scalars above 1 GeV: {a0(1450),K∗0(1430), f0(1370), f0(1500) orf0(1710)}. The reason
for the latter assignment is a growing consensus that the chiral partners of the pseudoscalar states should not be
identified with the resonances below 1 GeV, see Refs. [6, 17, 18] for results within the so-called extended linear sigma
model and also other theoretical works in Ref. [5, 19] (and refs. therein).
The chiral Lagrangian that we construct contains one unknown coupling constant which cannot be determined
without experimental data. However, the branching ratios can be unambiguously calculated and may represent a
useful guideline for experimental search of the pseudoscalar glueball in the energy region between 2 to 3 GeV. In
this respect, the planned PANDA experiment at the FAIR facility [20] will be capable to scan the mass region above
2.5 GeV. The experiment is based on proton-antiproton scattering, thus the pseudoscalar glueball G˜ can be directly
produced as an intermediate state. We shall therefore present our results for the branching ratios for a putative
pseudoscalar glueball with a mass of 2.6 GeV.
On the other hand, it is also possible that the pseudoscalar glueball G˜ has a mass that is a bit lower than the lattice
QCD prediction and that it has been already observed in the BESIII experiment where pseudoscalar resonances have
been investigated in J/ψ decays [21]. In particular, the resonance X(2370) which has been clearly observed in the
π+π−η′ channel represents a good candidate, because it is quite narrow (∼ 80 MeV) and its mass lies just below the
lattice QCD prediction. For this reason we repeat our calculation for a pseudoscalar glueball mass of 2.37 GeV, and
thus make predictions for the resonance X(2370), which can be tested in the near future.
This paper is organized as follows. In Sec. II we present the effective Lagrangian coupling the pseudoscalar glueball
to scalar and pseudoscalar quark-antiquark degrees of freedom, and we calculate the branching ratios for the decays
into PPP and SP . Finally, in Sec. III we present our conclusions and an outlook.
II. THE EFFECTIVE LAGRANGIAN
Following Ref. [16] we introduce a chiral Lagrangian which couples the pseudoscalar glueball G˜ ≡ |gg〉 with quantum
numbers JPC = 0−+ to scalar and pseudoscalar mesons
Lint
G˜
= icG˜ΦG˜
(
detΦ− detΦ†) , (1)
where cG˜Φ is a coupling constant,
Φ = (Sa + iP a)ta (2)
represents the multiplet of scalar and pseudoscalar quark-antiquark states, and ta are the generators of the group
U(Nf ). In this work we consider the case Nf = 3 and the explicit representation of the scalar and pseudoscalar
mesons reads [18, 22]:
Φ =
1√
2


(σN+a
0
0)+i(ηN+π
0)√
2
a+0 + iπ
+ K+S + iK
+
a−0 + iπ
− (σN−a00)+i(ηN−π0)√
2
K0S + iK
0
K−S + iK
− K¯0S + iK¯
0 σS + iηS

 . (3)
Under UL(3)× UR(3) chiral transformations the multiplet Φ transforms as Φ→ ULΦU †R where UL and UR are U(3)
matrices. The determinant of Φ is invariant under SU(3)L × SU(3)R, but not under U(1)A. On the other hand, the
pseudoscalar glueball field G˜ is invariant under U(3)L×U(3)R transformations. Under parity, Φ→ Φ† and G˜→ −G˜,
thus the effective Lagrangian of Eq. (1) is invariant under SU(3)L × SU(3)R and under parity. Notice that Eq.
(1) is not invariant under UA(1), in agreement with the so-called axial anomaly in the isoscalar-pseudoscalar sector.
The rest of the mesonic Lagrangian which describes the interactions of Φ and also includes (axial-)vector degrees of
freedom is presented in Sec. A 1 of the Appendix. For more details, see Refs. [18, 22, 23].
The assignment of the quark-antiquark fields in this paper is as follows: (i) In the pseudoscalar sector the fields ~π
and K represent the pions or the kaons, respectively [3]. The bare fields ηN ≡
∣∣u¯u+ d¯d〉 /√2 and ηS ≡ |s¯s〉 are the
non-strange and strange contributions of the physical states η and η′ [3]:
η = ηN cosϕ+ ηS sinϕ, η
′ = −ηN sinϕ+ ηS cosϕ, (4)
3where ϕ ≃ −44.6◦ is the mixing angle [22]. Using other values for the mixing angle, e.g. ϕ = −36◦ [24] or ϕ = −41.4◦,
as determined by the KLOE Collaboration [13], affects the presented results only marginally. (ii) In the scalar sector
we assign the field ~a0 to the physical isotriplet state a0(1450) and the scalar kaon fields KS to the resonanceK
⋆
0 (1430).
As a first approximation, the non-strange bare field σN ≡
∣∣u¯u+ d¯d〉 /√2 is assigned to the physical isoscalar resonance
f0(1370) and the bare field σS ≡ |s¯s〉 is assigned either to f0(1710) or to f0(1500). In a more complete framework,
σN , σS and a bare scalar glueball field G mix and generate the physical resonances f0(1370), f0(1500), and f0(1710),
see the discussion below.
In order to evaluate the decays of the pseudoscalar glueball G˜ we have to take into account that the spontaneous
breaking of chiral symmetry takes place, which implies the need of shifting the scalar-isoscalar fields by their vacuum
expectation values φN and φS ,
σN → σN + φN and σS → σS + φS . (5)
In addition, when (axial-)vector mesons are present in the Lagrangian, one also has to ‘shift’ the axial-vector fields
and to define the wave-function renormalization constants of the pseudoscalar fields:
~π → Zπ~π , Ki → ZKKi, ηj → Zηjηj , (6)
where i = 1, 2, 3, 4 runs over the four kaonic fields and j = N,S. The numerical values of the renormalization constants
are Zπ = 1.709, ZK = 1.604, ZKS = 1.001, ZηN = Zπ, ZηS = 1.539 [22]. Moreover, the condensates φN and φS read
φN = Zπfπ = 0.158 GeV, φS =
2ZKfK − φN√
2
= 0.138 GeV , (7)
where the standard values fπ = 0.0922 GeV and fK = 0.110 GeV have been used [3]. Once the operations in Eqs.
(5) and (6) have been performed, the Lagrangian in Eq. (1) contains the relevant tree-level vertices for the decay
processes of G˜, see Appendix (Sec. A 2).
The branching ratios of G˜ for the decays into three pseudoscalar mesons are reported in Table I for both choices
of the pseudoscalar masses, 2.6 and 2.37 GeV (relevant for PANDA and BESIII experiments, respectively). The
branching ratios are presented relative to the total decay width of the pseudoscalar glueball Γtot
G˜
. (For details of the
calculation of the three-body decay we refer to Sec. A 3 of the Appendix.)
Quantity Case (i): MG˜ = 2.6 GeV Case (ii): MG˜ = 2.37 GeV
ΓG˜→KKη/Γ
tot
G˜
0.049 0.043
ΓG˜→KKη′/Γ
tot
G˜
0.019 0.011
ΓG˜→ηηη/Γ
tot
G˜
0.016 0.013
ΓG˜→ηηη′/Γ
tot
G˜
0.0017 0.00082
ΓG˜→ηη′η′/Γ
tot
G˜
0.00013 0
ΓG˜→KKpi/Γ
tot
G˜
0.47 0.47
ΓG˜→ηpipi/Γ
tot
G˜
0.16 0.17
ΓG˜→η′pipi/Γ
tot
G˜
0.095 0.090
TABLE I: Branching ratios for the decay of the pseudoscalar glueball G˜ into three pseudoscalar mesons.
Next we turn to the decay process G˜ → PS. The results, for both choices of MG˜, are reported in Table II for the
cases in which the bare resonance σS is assigned to f0(1710) or to f0(1500).
Concerning the decays involving scalar-isoscalar mesons, one should go beyond the results of Table II by including
the full mixing pattern above 1 GeV, in which the resonances f0(1370), f0(1500), and f0(1710) are mixed states of
the bare quark-antiquark contributions σN ≡
∣∣u¯u+ d¯d〉 /√2 and σS and a bare scalar glueball field G. This mixing is
described by an orthogonal (3 × 3) matrix [5–9]. In view of the fact that a complete evaluation of this mixing in the
framework of our chiral approach has not yet been done, we use the two solutions for the mixing matrix of Ref. [7]
and the solution of Ref. [8] in order to evaluate the decays of the pseudoscalar glueball into the three scalar-isoscalar
resonances f0(1370), f0(1500), and f0(1710). In all three solutions f0(1370) is predominantly described by the bare
4Quantity Case (i): MG˜ = 2.6 GeV Case (ii): MG˜ = 2.37 GeV
ΓG˜→KKS/Γ
tot
G˜
0.060 0.070
ΓG˜→a0pi/Γ
tot
G˜
0.083 0.10
ΓG˜→ησN /Γ
tot
G˜
0.0000026 0.0000030
ΓG˜→η′σN /Γ
tot
G˜
0.039 0.026
ΓG˜→ησS/Γ
tot
G˜
0.012 (0.015) 0.0094 (0.017)
ΓG˜→η′σS/Γ
tot
G˜
0 (0.0082) 0 (0)
TABLE II: Branching ratios for the decay of the pseudoscalar glueball G˜ into a scalar and a pseudoscalar meson. In the last
two rows σS is assigned to f0(1710) or to f0(1500) (values in the parentheses).
Quantity Sol. 1 of Ref. [7] Sol. 2 of Ref. [7] Sol. of Ref. [8]
ΓG˜→ηf0(1370)/Γ
tot
G˜
0.00093 (0.0011) 0.00058 (0.00068) 0.0044 (0.0052)
ΓG˜→ηf0(1500)/Γ
tot
G˜
0.000046 (0.000051) 0.0082 (0.0090) 0.011 (0.012)
ΓG˜→ηf0(1710)/Γ
tot
G˜
0.011 (0.0089) 0.0053 (0.0042) 0.00037 (0.00029)
ΓG˜→η′f0(1370)/Γ
tot
G˜
0.038 (0.026) 0.033 (0.022) 0.043 (0.029)
ΓG˜→η′f0(1500)/Γ
tot
G˜
0.0062 (0) 0.00020 (0) 0.00013 (0)
ΓG˜→η′f0(1710)/Γ
tot
G˜
0 (0) 0 (0) 0 (0)
TABLE III: Branching ratios for the decays of the pseudoscalar glueball G˜ into η and η′, respectively and one of the scalar-
isoscalar states: f0(1370), f0(1500) and f0(1710) by using three different mixing scenarios of these scalar-isoscalar states reported
in Refs [7, 8]. The mass of the pseudoscalar glueball isMG˜ = 2.6 GeV andMG˜ = 2.37 GeV (values in the brackets), respectively.
configuration σN ≡
∣∣u¯u+ d¯d〉 /√2, but the assignments for the other resonances vary: in the first solution of Ref. [7]
the resonance f0(1500) is predominantly gluonic, while in the second solution of Ref. [7] and the solution of Ref. [8]
the resonance f0(1710) has the largest gluonic content. The results for the decay of the pseudoscalar glueball into
scalar-isoscalar resonances are reported in Table III.
In Fig. 1 we show the behavior of the total decay width Γtot
G˜
= ΓG˜→PPP + ΓG˜→PS as function of the coupling
constant cG˜Φ for both choices of the pseudoscalar glueball mass. (We assume here that other decay channels, such
as decays into vector mesons or baryons are negligible). In the case of MG˜ = 2.6 GeV, one expects from large-Nc
considerations that the total decay width Γtot
G˜
. 100 MeV. In fact, as discussed in the Introduction, the scalar glueball
candidate f0(1500) is roughly 100 MeV broad and the tensor candidate fJ(2220) is even narrower. In the present
work, the condition Γtot
G˜
. 100 MeV implies that cG˜Φ . 5. Moreover, in the case of MG˜ = 2.37 GeV in which the
identification G˜ ≡ X(2370) has been made, we can indeed use the experimental knowledge on the full decay width
[ΓX(2370) = 83 ± 17 MeV [21]] to determine the coupling constant to be cG˜Φ = 4.48± 0.46. (However, we also refer
to the recent work of Ref. [27], where the possibility of a broad pseudoscalar glueball is discussed.)
Some comments are in order:
1 2 3 4 5 6
c G

F
0.05
0.10
0.15
G
tot @ GeVD
FIG. 1: Solid (blue) line: Total decay width of the pseudoscalar glueball with the bare mass MG˜= 2.6 GeV as function of the
coupling cG˜Φ. Dashed (red) line: Same curve for MG˜= 2.37 GeV.
5(i) The results depend only slightly on the glueball mass, thus the two columns of Table I and II are similar. It
turns out that the channel KKπ is the dominant one (almost 50%). Also the ηππ and η′ππ channels are sizable. On
the contrary, the two-body decays are subdominant and reach only 20% of the full mesonic decay width.
(ii) The decay of the pseudoscalar glueball into three pions vanishes:
ΓG˜→πππ = 0 . (8)
This result represents a further testable prediction of our approach.
(iii) The decays of the pseudoscalar glueball into a scalar-isoscalar meson amount only to 5% of the total decay
width. Moreover, the mixing pattern in the scalar-isoscalar sector has a negligible influence on the total decay width
of G˜. Nevertheless, in the future it may represent an interesting and additional test for scalar-isoscalar states.
(iv) Once the shifts of the scalar fields have been performed, there are also bilinear mixing terms of the form G˜ηN
and G˜ηS which lead to a non-diagonal mass matrix. In principle, one should take these terms into account, in addition
to the already mentioned ηNηS mixing, and solve a three-state mixing problem in order to determine the masses of
the pseudoscalar particles. This will also affect the calculation of the decay widths. However, due to the large mass
difference of the bare glueball fields G˜ to the other quark-antiquark pseudoscalar fields, the mixing of G˜ turns out to
be very small in the present work, and can be safely neglected. For instance, it turns out that the mass of the mixed
state which is predominantly glueball is (at most) just 0.002 GeV larger than the bare mass MG˜ = 2.6 GeV.
(v) If a standard linear sigma model without (axial-)vector mesons is studied, the replacements Zπ = ZK = ZηN =
ZηS = 1 need to be performed. Most of the results of the branching ratios for the three-body decay are qualitatively,
but not quantitatively, similar to the values of Table I (variations of about 25-30%). However, the branching ratios
for the two-body decay change sizably w.r.t. the results of Table 2. This fact shows once more that the inclusion of
(axial-)vector degrees of freedom has sizable effects also concerning the decays of the pseudoscalar glueball.
(vi) In principle, the three-body final states for the decays shown in Table I can also be reached through a sequential
decay from the two-body final states shown in Table II, where the scalar particle S further decays into PP , for
instance, K∗0 (1430)→ Kπ. There are then two possible decay amplitudes, one from the direct three-body decay and
one from the sequential decay, which have to be added coherently before taking the modulus square to obtain the
total three-body decay width. Summing the results shown in Table I and II gives a first estimate (which neglects
interference terms) for the magnitude of the total three-body decay width. We have verified that the correction
from the interference term to this total three-body decay width in a given channel is at most of the order of 10%
for MG˜ = 2.6 GeV and 15% for MG˜ = 2.37 GeV. For a full understanding of the contribution of the various decay
amplitudes to the final three-body state, one needs to perform a detailed study of the Dalitz plot for the three-body
decay.
III. CONCLUSIONS AND OUTLOOK
In this work we have presented a chirally invariant effective Lagrangian describing the interaction of the pseudoscalar
glueball with scalar and pseudoscalar mesons for the three-flavor case Nf = 3. We have studied the decays of the
pseudoscalar glueball into three pseudoscalar and into a scalar and pseudoscalar quark-antiquark fields.
The branching ratios are parameter-free once the mass of the glueball has been fixed. We have considered two
possibilities: (i) in agreement with lattice QCD in the quenched approximation we have chosen MG˜ = 2.6 GeV.
The existence and the decay properties of such a hypothetical pseudoscalar resonance can be tested in the upcoming
PANDA experiment [20]. (ii) We assumed that the resonance X(2370), measured in the experiment BESIII, is
(predominantly) a pseudoscalar glueball state, and thus we have also used a mass of 2.37 GeV [21]. The results for
both possibilities have been summarized in Tables I and II: we predict that KKπ is the dominant decay channel,
followed by (almost equally large) ηππ and η′ππ decay channels. On the contrary, the decay into three pions is
predicted to vanish. In the case of BESIII, by measuring the branching ratio for other decay channels than the
measured η′ππ, one could ascertain if X(2370) is (predominantly) a pseudoscalar glueball. In the case of PANDA,
our results may represent a useful guideline for the search of the pseudoscalar glueball.
Future studies should consider possible mixing of the pseudoscalar glueball with charmonia states and an improved
description of the scalar-isoscalar sector. New lattice results for the pseudoscalar glueball mass, which go beyond
the quenched approximation and include the effect of dynamical fermions, would be very useful for model building.
Moreover, the mechanism of the glueball production via proton-antiproton fusion using the so-called mirror assignment
[28] represents an interesting outlook [29].
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Appendix A: Details of the calculation
1. The full mesonic Lagrangian
The chirally invariant U(Nf )L × U(Nf )R Lagrangian for the low-lying mesonic states with (pseudo)scalar and
(axial-)vector quantum numbers has the form
Lmes = Tr[(DµΦ)†(DµΦ)]−m20Tr(Φ†Φ)− λ1[Tr(Φ†Φ)]2 − λ2Tr(Φ†Φ)2
− 1
4
Tr[(Lµν)2 + (Rµν)2] + Tr[(
m21
2
+ ∆)(L2µ +R
2
µ)] + Tr[H(Φ + Φ
†)]
+ c1(detΦ− detΦ†)2 + i g2
2
{Tr(Lµν [Lµ, Lν ]) + Tr(Rµν [Rµ, Rν ])}
+
h1
2
Tr(Φ†Φ)Tr
(
L2µ +R
2
µ
)
+ h2Tr[|LµΦ|2 + |ΦRµ|2]
+ 2h3Tr(LµΦR
µΦ†). (A1)
where
Lµ =
1√
2


ω
µ
N
+ρµ0√
2
+
f
µ
1N
+aµ0
1√
2
ρµ+ + aµ+1 K
⋆µ+ +Kµ+1
ρµ− + aµ−1
ω
µ
N−ρµ0√
2
+
f
µ
1N−aµ01√
2
K⋆µ0 +Kµ01
K⋆µ− +Kµ−1 K¯
⋆µ0 + K¯µ01 ω
µ
S + f
µ
1S

 ,
and
Rµ =
1√
2


ω
µ
N
+ρµ0√
2
− f
µ
1N
+aµ0
1√
2
ρµ+ − aµ+1 K⋆µ+ −Kµ+1
ρµ− − aµ−1 ω
µ
N−ρµ0√
2
− f
µ
1N−aµ01√
2
K⋆µ0 −Kµ01
K⋆µ− −Kµ−1 K¯⋆µ0 − K¯µ01 ωµS − fµ1S

 ,
for details see Refs. [6, 18, 22, 23]. In the present context we are interested in the wave-function renormalization
constants Zi introduced in Eq. (6). Their explicit expressions read [22, 23]:
Zπ = ZηN =
ma1√
m2a1 − g21φ2N
, ZK =
2mK1√
4m2K1 − g21(φN +
√
2φS)2
, (A2)
ZKS =
2mK⋆√
4m2K⋆ − g21(φN −
√
2φS)2
, ZηS =
mf1S√
m2f1S − 2g21φ2S
. (A3)
72. Explicit form of the Lagrangian in Eq. (1)
After performing the field transformations in Eqs. (5) and (6), the effective Lagrangian (1) takes the form:
Lint
G˜
=
cG˜Φ
2
√
2
G˜(
√
2ZKSZKa
0
0K
0
SK
0
+
√
2ZKZKSa
0
0K
0K
0
S − 2ZKSZKa+0 K0SK−
− 2ZKSZKa+0 K−SK0 − 2ZKSZKa−0 K
0
SK
+ −
√
2ZKSZKa
0
0K
−
S K
+ −
√
2Z2KZηNK
0K
0
ηN
+
√
2Z2KSZηNK
0
SK
0
SηN −
√
2Z2KZηNK
−K+ηN + ZηSa
0
0
2
ηS + 2ZηSa
−
0 a
+
0 ηS
+ Z2ηNZηSη
2
NηS −
√
2Z2KZπK
0K
0
π0 +
√
2Z2KSZπK
0
SK
0
Sπ
0 +
√
2Z2KZπK
−K+π0
− ZηSZ2πηS π0
2
+ 2Z2KZπK
0
K+π− + 2Z2KZπK
0K−π+ − 2Z2KSZπK0SK−S π+
− 2ZηSZ2πηSπ−π+ − 2ZKSZKa−0 K+SK
0
+
√
2Z2KSZηNK
+
SK
−
S ηN −
√
2Z2KSZπK
+
SK
−
S π
0
− 2Z2KSZπK+SK
0
Sπ
− −
√
2ZKSZKa
0
0K
+
SK
− +
√
2ZKZKSK
−K+S φN +
√
2ZKZKSK
−K+S σN
+
√
2ZKSZKK
0
SK
0
φN +
√
2ZKSZKK
0
SK
0
σN +
√
2ZKZKSK
0K
0
SφN +
√
2ZKZKSK
0K
0
SσN
+
√
2ZKSZKK
−
SK
+φN +
√
2ZKSZKK
−
SK
+σN − ZηSηSφ2N − ZηSηSσ2N − 2ZηSηSφNσN
+ 2Zπa
0
0π
0φS + 2Zπa
0
0π
0σS + 2Zπa
+
0 π
−φS + 2Zπa+0 π
−σS + 2Zπa−0 π
+φS + 2Zπa
−
0 π
+σS
− 2ZηN ηNφNφS − 2ZηN ηNφNσS − 2ZηN ηNσNφS − 2ZηN ηNσNσS) . (A4)
The latter expression is used to determine the coupling of the field G˜ to scalar and pseudoscalar mesons.
3. Tree-body decay
For completeness we report the explicit expression for the three-body decay width for the process G˜→ P1P2P3 [3]:
ΓG˜→P1P2P3 =
sG˜→P1P2P3
32(2π)3M3
G˜
∫ (MG˜−m3)2
(m1+m2)2
dm212
∫ (m23)max
(m23)min
| − iMG˜→P1P2P3 |2dm223
where
(m23)min = (E
∗
2 + E
∗
3 )
2 −
(√
E∗22 −m22 +
√
E∗23 −m23
)2
, (A5)
(m23)max = (E
∗
2 + E
∗
3 )
2 −
(√
E∗22 −m22 −
√
E∗23 −m23
)2
, (A6)
and
E∗2 =
m212 −m21 +m22
2m12
, E∗3 =
M2
G˜
−m212 −m23
2m12
. (A7)
The quantities m1, m2, m3 refer to the masses of the three pseudoscalar states P1, P2, and P3, MG˜→P1P2P3 is the
corresponding tree-level decay amplitude, and sG˜→P1P2P3 is a symmetrization factor (it equals 1 if all P1, P2, and P3 are
different, it equals 2 for two identical particles in the final state, and it equals 6 for three identical particles in the final
state). For instance, in the case G˜→ K−K+π0 one has: | − iMG˜→K−K+π0 |2 = 14c2G˜ΦZ4KZ2π, m1 = m2 = mK = 0.494
GeV, m3 = mπ0 = 0.135 GeV, and MG˜ = 2.6 GeV. Then:
ΓG˜→K−K+π0 = 0.00041 c
2
G˜Φ
[GeV] . (A8)
The full decay width into the channel KKπ results from the sum
ΓG˜→KKπ = ΓG˜→K−K+π0 + ΓG˜→K0K¯0π0 + ΓG˜→K¯0K+π− + ΓG˜→K0K−π+ = 6ΓG˜→K−K+π0 . (A9)
The other decay channels can be calculated in a similar way.
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